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Abstract 

In our previous paper (Axiomatic Differential Geometry II-3) we have 
discussed the general Jacobi identity, from which the Jacobi identity of 
vector fields follows readily. In this paper we derive Jacobi-like identities 
of tangent-vector-valued forms from the general Jacobi identity. 

1 Introduction 

In our previous paper |20j we presented the general Jacobi identity, from which 
the Jacobi identity of vector fields followed readily. The principal objective in 
this paper is to show that the Jacobi-like identity of tangent-vector- valued forms 
follows no less readily from the general Jacobi identity. 

In orthodox differential geometry, establishing the Jacobi identity of vector 
fields on a smooth manifold is a trifling exercise, because we are able to identify 
vector fields with derivations. Similarly, since we are capable of identifying 
tangent-vector-valued forms with derivations of a certain kind over the algebra 
of differential form, the Jacobi-like identity of tangent-vector-valued forms is 
essentially no less difficult, though somewhat cumbersome, which Frolicher and 
Nijcnhuis did in the 1950's. 

Within our general framework of axiomatic differential geometry, such luxury 
is no longer permitted, so that the significance of the general Jacobi identity 
could not be exaggerated. Generally speaking, tangent-vector- valued forms are 
defined to be mappings subject to three conditions (the details will be seen in 
Section 2]) , namely, the first condition being what might be called the Dirac 
condition after Dirac distributions, the second condition being multi-linearity, 
and the third condition being anti-symmetry. Our general approach enables us 
to discern three levels in which the Jacobi-like identity holds, namely, tangent- 
vector-valued forms without multi-linearity or anti-symmetry, those without 
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multi-linearity, and those without anti-symmetry. The case of tangent-vector- 
valucd forms without multi-linearity or anti-symmetry is most fundamental. By 
taking Jacobi-like identities of tangent-vector-valued forms of the above three 
kinds at once, we get the very Jacobi-like identity that Frolicher and Nijenhuis 
provided more than half a century ago. 

This paper is organized as follows. After some preliminaries in Section [3J 
we review the general Jacobi identity in Section [3] Section [4] is devoted to 
two distinct viewpoints towards tangent-vector-valued forms, just as we gave 
two viewpoints towards vector fields in . Section [5] is concerned with Jacobi-like 
identities of tangent- vector- valued forms. We are working within the axiomatics 
of differential geometry in [115], namely, a DG-category 

(K.,R,T,a) 

2 Preliminaries 

2.1 Weil Algebras and Infinitesimal Objects 

The notion of a Weil algebra was introduced by Weil himself in [32]. We denote 
by W the category of Weil algebras. Roughly speaking, each Weil algebra cor- 
responds to an infinitesimal object in the shade. By way of example, the Weil 
algebra M.[X]/(X 2 ) (=the quotient ring of the polynomial ring M.[X] of an inde- 
terminate X over R modulo the ideal (X 2 ) generated by X 2 ) corresponds to the 
infinitesimal object of first-order nilpotcnt infinitesimals, while the Weil algebra 
R[X]/(A 3 ) corresponds to the infinitesimal object of second-order nilpotent in- 
finitesimals. Although an infinitesimal object is undoubtedly imaginary in the 
real world, as has harassed both mathematicians and philosophers of the 17th 
and the 18th centuries (because mathematicians at that time preferred to talk 
infinitesimal objects as if they were real entities), each Weil algebra yields its 
corresponding Weil functor on the category of smooth manifolds of some kind 
to itself, which is no doubt a real entity. By way of example, the Weil algebra 
R[X]/(X 2 ) yields the tangent bundle functor as its corresponding Weil functor. 
Intuitively speaking, the Weil functor corresponding to a Weil algebra stands 
for the exponentiation by the infinitesimal object corresponding to the Weil al- 
gebra at issue. For Weil functors on the category of finite-dimensional smooth 
manifolds, the reader is referred to §35 of [3], while the reader can find a read- 
able treatment of Weil functors on the category of smooth manifolds modelled 
on convenient vector spaces in §31 of [I]. 

Synthetic differential geometry (usually abbreviated to SDG), which is a 
kind of differential geometry with a cornucopia of nilpotent infinitesimals, was 
forced to invent its models, in which nilpotent infinitesimals were visible. For 
a standard textbook on SDG, the reader is referred to [5], while he or she is 
referred to [2] for the model theory of SDG constructed vigorously by Dubuc [?] 
and others. Although we do not get involved in SDG herein, we will exploit lo- 
cutions in terms of infinitesimal objects so as to make the paper highly readable. 
Thus we prefer to write W D and Wd 2 in place of R[X]/{X 2 ) and R[X]/(X 3 ) 
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respectively, where D stands for the infinitesimal object of first-order nilpo- 
tent infinitesimals, and D% stands for the infinitesimal object of second-order 
nilpotcnt infinitesimals. To Newton and Leibniz, D stood for 

{d S R | d 2 = 0} 

while Z?2 stood for 

{d S K | d 3 = 0} 

We will write Wd£D 2 ^d 2 £D for the homomorphim of Weil algebras K[X]/ (X 2 ) — > 
M.[X]/(X 3 ) induced by the homomorphism X — > X 2 of the polynomial ring 
M.[X] to itself. Such locutions are justifiable, because the category W of Weil 
algebras in the real world and the category of infinitesimal objects in the shade 
are dual to each other in a sense. Thus we have a contravariant functor W 
from the category of infinitesimal objects in the shade to the category of Weil 
algebras in the real world. Its inverse contravariant functor from the category 
of Weil algebras in the real world to the category of Weil algebras in the real 
world is denoted by V. By way of example, V R [ X ]/(x 2 ) an d T^r[x]/(x 3 ) stand 
for D and D 2 respectively. To familiarize himself or herself with such locutions, 
the reader is strongly encouraged to read the first two chapters of [5] , even if he 
or she is not interested in SDG at all. 

We need to fix notation and terminology for simplicial objects, which form an 
important subclass of infinitesimal objects. Simplicial objects are infinitesimal 
objects of the form 

D n {p} 

= {{di,...,d n ) &D n \d h ...d ik = (V(*i,...,ifc) ep)} 

where p is a finite set of finite sequences i/.) of natural numbers between 

1 and n, including the endpoints, with i\ < ... < ik- If p is empty, D n {p} is 
D n itself. If p consists of all the binary sequences, then -D"{p} represents D{n) 
in the standard terminology of SDG. Given two simplicial objects D m {p} and 
Z) n {q}, we define a simplicial object D m {p} © D n {q} to be 

D m+n {p © q} 

where 

p©q 

= pU{(ii +m,...,j k +m) | (ii,.-,ifc) e q} 
U{(«, j + m) 1 < i < m, 1 < j < n} 

Since the operation © is associative, we can combine any finite number of sim- 
plicial objects by © without bothering about how to insert parentheses. Given 
morphisms of simplicial objects $i : D rni {pi) — > D rn {p} (1 < i < n), there exists 
a unique morphism of simplicial objects $ : D mi {pi}ffi...ffi_D m "{p„} — > D m {p} 
whose restriction to D" li {pi) coincides with $i for each i. We denote this $ by 
$i © ... © $„. We write D(n) for {(d, d) e D n \ d t dj = for any i j}. 
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2.2 Some Conventions 

Notation 1 We use the following notations: 

1. We write 

[A^B] 

for the exponential B A . 

2. We denote a canonical injection A — > B by i^. 

3. We denote a canonical projection A — »■ B by n^. 
4- An object M is always assumed to be microlinear. 

5. The evaluation morphism [A — > B] x A — > B is denoted by 

cv [A^B]xA 

6. We denote by S p the set of permutations of {1, ...,p}. Given a <E S p , its 
signature is denoted by e a . 

3 The General Jacobi Identity 

Proposition 2 The diagram 

aw, (M) 

X VV D 3 {(l,3),(2,3)}_/^f T W « 2 M 

2 

«w t (M) | | %. D! (M) 

*D(2) 

T W » 2 M ->■ T W °( 2 >M 

l 

is a pullback diagram, where the assumptive mapping 

cp-.D 2 -+D 3 {(1,3),(2,3)} 

is 

(di,da) e^ 2 ^ (di,d2,0) e £ 3 {(l,3), (2,3)} 

w/ii/e f/ie assumptive mapping 

V-:^ 2 ^ J D 3 {(1,3),(2,3)} 

is 

(di.da) e^ 2 ^ {d 1 ,d 2 ,d 1 d 2 ) e £ 3 {(i,3), (2,3)} 

Remark 3 ITie numbers 1,2 under T w d 2 M are given simply so as for the 
reader to easily relate each occurrence of T w o 2 M in the above Proposition to 
its corresponding occurrence in the following Corollary. 
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Corollary 4 We have 



T w o 3 {(i,3),(2, 3 )}M = t w ° 2 M x T w D(2)M T W ^ 2 M 
Notation 5 We wiH write 

C~ (M) : T W « 2 M x T w D(2)M T W « 2 M ->• T Wd M 
/or i/ie morphism 

T W ^M x tWd(2)m T w ^M 

— 'P VV D3{(1,3),(2,3)} JVf 



aW JEPn(0,0,J)€C 3 j(l ; 3),(2,3)^ 

T Wo M 



Proposition 6 The morphism 



T w ^Mx T w D(2)M T*VM 



T W£> M 



and the morphism 



T w ^Mx T w D(2)M T w - 2 M 
= T w ^Afx T w I)(2)M T w ^M 

C (M) 
► 

T Wd M 

sum up only to vanish, where the numbers 1,2 under T w o 2 M are given simply 
so as for the reader to easily relate each occurrence of T w o 2 M to another. 

Proposition 7 The diagram 

a w (M) 

1' VV 4 {(2,4),(3,4)} JVf _!> T W D 3 M 

2 

> (M) | I %, d3 (M) 

1 *D 3 {(2,3)} 

T w i33M ->■ T W « 3 {< 2 .3)}M 

1 

*D3{(2,3)} 

is a pullback diagram, where the assumptive mapping 

tf-.D 3 ^ D 4 {(2,4), (3,4)} 
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IS 

(d u d 2 ,d 3 ) ED 3 ^ (d u d 2 ,d 3 ,0) € # 4 {(2,4),(3,4)}, 
while the assumptive mapping 

V> 3 :# 3 ^ 4 {(2,4),(3,4)} 

is 

(d u d 2 ,d 3 ) eD 3 ^ {duck, (k, d 2 d 3 ) E D 4 {(2, 4), (3, 4)} 

Remark 8 The numbers 1,2 under T W » 3 M are given simply so as for the 
reader to easily relate each occurrence of T w « 3 M in the above Proposition to 
its corresponding occurrence in the following Corollary. 

Corollary 9 We have 

Notation 10 We will write 

C 7 (M ) : T W ^M x t w d3{(2 , 3)}m T W » 3 M -> T W - 2 M 
for the morphism 



T^ 3 Mx t w d3{(2 , 3)}m T^m 

_ X W D4{(2,4),(3,4)}^ 
aVV (d 1 ,d 2 )e£)2rt( (il ,0,0, ( i 2 )e£)'4{(2,4),(3,4)} C^O 



Proposition 11 TTie diagram 



X W D 4 {(1,4),(3,4)}^ T W D 3 M 

2 

a w (M) | 4. aw D3 ( M ) 

2 v., 1 -D3{(1,3)} 

T w d 3 M -> T W£53 {< 1 .3»M 

l 

%. D 3 (M) 

is a pullback diagram, where the assumptive mapping 

<p%: D 3 ->£> 4 {(1,4), (3,4)} 

is 

(d u d 2 ,d 3 ) eD 3 ^ {d u d 2 ,d 3 ,0) e D 4 {(1,4),(3,4)} 



6 



while the assumptive mapping 

V; 2 3 :# 3 ^ 4 {(1,4),(3,4)} 

is 

(d u d 2 ,d 3 ) e D 3 i— > {d 1 ,d 2 ,d 3 ,d 1 d 3 ) e £> 4 {(1,4), (3,4)} 

Remark 12 The numbers 1,2 under T w o 3 M are given simply so as for the 
reader to easily relate each occurrence of T w o 3 M in the above Proposition to 
its corresponding occurrence in the following Corollary. 

Corollary 13 We have 

T W fMx T w £J 3 {(1 , 3)}M T^M 

_ rpW D 4{(l,4),(3,4)} y[ 

Notation 14 We will write 

C - 2 ( M ) : T W - 3 M x t w d3{(1 , 3)}m T W - 3 M T W ^M 
/or the morphism 

T w ^Mx T w £ ,3 {(1 , 3)}M T w ^M 

_ X W D 4 {(1,4),(3,4)}^ 
Q ' VV (d 1 ,d 2 )EO 2 ^(0,d 1 ,0,d 2 )eO 4 {(l,4),(3,4)} 

T W ° 2 M 
Proposition 15 The diagram 

T w D 4 {(i,4),(2,4)}_/vf T w d 3 M 

2 

«w .3 (M) | I a w d3 (M) 

3 v., ^{(1,2)} 

T w b 3 M ->■ T B s «y)iM 

«iv,3 (M) 

*D3{(1,2)} 

is a pullback diagram, where the assumptive mapping 

D 3 -^D 4 {(1,4), (2,4)} 

is 

(d u d 2 ,d 3 ) efl 3 4 (di.da.ds.O) e # 4 {(l,4), (2,4)} 

w/iiZe i/ie assumptive mapping 

^ 3 :Z} 3 ^ 4 {(1,4),(2,4)} 

is 

(d 1 ,d 2 ,d 3 ) £D 3 ^ {d u d 2 , d 3 , dida) G # 4 {(1, 4), (2, 4)} 
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Remark 16 The numbers 1,2 under T W » 3 M are given simply so as for the 
reader to easily relate each occurrence of T w d 3 M in the above Proposition to 
its corresponding occurrence in the following Corollary. 



Corollary 17 We have 



T W fMx TWD3{(1 , 2)}M T^3 M 



X VV D 4 {(1,4),(2,4)} M 



Notation 18 We will write 

C~ 3 l M ) : T Wr > 3 M x w n3 , n T w ^ M -> T w ° 2 M 

•5 V/ T D {(i. 2 )} M 

for the morphism 

T w d3 m x w „ T w d3 m 

_ rpW £ ,4 {(li4)>(2i4)} ^ 
aVV (d 1 ,d 2 )eD2^( ,0,d 1 , t i 2 )eD4{(l,4),(3,4)} ("^) 

Notation 19 We will introduce three notations. 
1. We will write 

C ( " 23 * * 132M * 231 i* 32l) (M) : A (M) -+ T Wd M 
for the composition of morphisms 

n A(M) 

( f r T w D 3 M x w , T w c»lf)x w „,„ fT w D 3 Afx w , T w b 3 

VV 321 T D 3 {(2,3)} M 231 J T W D(2) M y 132 T ^ 3 {( 2 .3)} M 1 2 3 // 

T w n 3 M \ ( T w o 3 M 

321 I / 132 

:A(M)->| x tW£)3{(2>3)}m x t w d(2)m x t ^ D 3 {(2>3)}m 
T w d 3 M / I T W « 3 M 

231 / \ 123 



C 1 (M) x T w D(!)M (> (M) : 



x T w D(2) M 



/ T w d 3 M 

321 

X T W D3{(2,3)} M 
T W D3jW 

\ 231 

T w ° 2 Mx T w D(2)M T w - 2 M 



T w o 3 M 

132 

X T W D3{(2 1 3)} M 
T W D3_/W 

123 



C~ (M) : T W ° 2 M x 



, T w D(2)M T w - 2 M^T w -M 
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in succession, where A (M) denotes 

( 



X T W o 3 e-D 3 M 



T W D3M 

132 

X T W -D 3 {(i,3)}M 

T w d 3 M 

312 

X T W D(2) M 

213 

X T W D3{(1,3)} M 

T w d 3 M 

231 



V 



T w o 3 M \ 

321 

X T VV D 3 {( 2,3)} M 
T W D 3 M 

231 
X T w o(2) M 

T^B 3 M 

132 

X X VV D 3 {( 2,3)} M 

T w d 3 M 

123 



X T W D3© D 3 M 



X T w o 3 eD 3 M 



T w d 3 M 

213 

X T W D3{ (1 ,2)} M 

T w d 3 M 

123 

X T W D(2) M 

T w o 3 M 

321 

X T VV B3{(1,2)} M 
T W D3M 

312 



2. We will write the morphism 

C ( * 231 ^ 213) " ( * 312 ^ 132) (M):A(M) 

/or i/ie composition of morphisms 

A(M) 



: A (M) 



M 



d 3 Mx 



D3{(1,3)} 



, 312 J T D ( 2 )M\ 213 



V D 3 {(1,3)} M 231 



/ T W « 3 M \ 

132 
X w o 

T w u 3 M 

312 



x T w D(2) M 



( T W « 3 M \ 

213 

X T W D 3 {(1>3)}M 

231 



C 2 (M) x T w D(2)M C 2 (M) : 
T w oi M \ 

132 

X T W B3{(1,3)} M 



T W D3 M 

312 



x T w D(2) M 



T w « 3 M \ 

213 

X T W B3{(1,3)} M 

231 / 



T w ^Mx T w D(2)M T w ^M 



C (M) : T^ 2 A'/ x T w D(2)M T W « 2 M T Wd M 



z?i succession. 
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3. We will write the morphism 

c (* 312 -*3 21 )-(* 123 -* 213 ) (M) ; A (M) ^ tWdm 

for the composition of morphisms 

A(M) 



7T 



(Yt w d 3 Mx w , T w d3m)x Wn , n , (t w d3 M x w , T w d3 M )) 

VV 213 T D 3 i(l»2))M 123 J T "HmI, 321 T W £> 3 { (1 ,2) } M 312 J J 



: A (M) 



/ T W £> 3 M \ 

213 

X X W £)3{(1,2)} M 
T W D 3 M 

123 



X T W D(2) M 



/ T w o 3 M \ 

321 

X T W D3{(1,2)} M 
T W D 3 M 

312 



C 3 (M) x w D(2)M C 3 (M) 



T -o 3 M \ 

213 



X T VV B 3 {(l,2)} M 



T W D 3 M 

123 

T W « 2 M x r 



T w o 3 M \ 

321 



/ 



V T W °(2)M | A T W « 3 ((i.2)}M 
T W d3 M 
312 

T W D 2 M 



- T KVD (2)M 

C~ (M) : T w d 2 M x T w D(2)M T W « 2 M -> T Wd M 
m succession. 

Theorem 20 (The general Jacobi Identity) The three morphisms 

c (*123 r i32)-(*231 7 *32l) . ^ (M) ^ jW D j^ 

c (*23i r 213)-(*312 r i32) ; A (M) M 

(*312— *32l)~ (*123— *213) , , , N a / i *-\ m W D 



c 

sum up onZy to vanish. 



(M) : A(M) -> T^M 



4 Tangent-Vector- Valued Forms 

Notation 21 We write 



/or 

w/w/e we wrzto 
/or 



(M) 



T Wd [t Wdp M -> M] 
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It is easy to see that 
Proposition 22 We have 

(M)=ng) 1) (M) 

Notation 23 We write 

Q$f (M) 

/or i/ie equalizer of the exponential transpose of 

[ t W D p M _^ t Wd M] x T Wdp M 

ev [T w DP M— s-T w d Ml xT w -Dp M 
> 

T Wd M 

a Wl _ 



*3 



M 



and that of 



[T Wdp M -> T Wd M] x T Wdp M 

[ T w dp Af^T w « M] xT w bp M 
7r T w PP M 

M 



(M) 

/or the equalizer of the exponential transpose of 

q Wl ^ D ([T w ° p M^M]} 
[T Wdp M -> M] x T Wdp M 



wMe we write 



ev 



and that of 



\ T w DP M _> M 1 xT w DP M 

> 

M 

T Wn [ T W d p M M j x t W d p M 

T w D JrpW^p M ^ M j xx^dp M 
7r T w -DP M 



M 
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It is easy to see that 
Proposition 24 We have 

0j^(M)=^ 1) (M) 

Notation 25 W^e write 

for the intersection o/Qj^ (M) and i/ie equalizer of the exponential transpose 
'of 



[T WDt M -> T Wl, M] x T Wdp M 



idr T w DPM ^ x w DM l X l - I 

L J Wt w dj>MxR 



[T Wd,, M -> T Wd M] x T Wbp M 



ev 



[T w dp M->T w d m] x T w dp M 
> 



and that of 



T Wn M 



[T Wot M -> T Wd M] x T Wdp M 

cv [T w -Dp Af^T w -DM]xT w -DPM X 

T Wd M x M 

> 

t Wd m 



where 

1. The morphism 



. t w D p M X | 4 t w D p M 



T w dpMxM 

stands for the morphism whose exponential transpose is 

a W(d 1 ,...,d p ,a)eDP xR^(d 1 ,...,ad ; ,...,d p )eOP ('^) 

= [R-> T Wdp M] 
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2. The morphism 

(■) TWDMxM :T w °MxR^T w °M 
stands for the morphism whose exponential transpose is 
T Wd M 

a w (d , a)eDxfL ^ adeD (M) 



Notation 26 We write 



= [R4 T Wd M] 



fife? (M) 



/or i/ie intersection of ^(i)^ (M) and i/ie equalizer of the exponential transpose 
of 

T w D [ t w d p M _^ M j x T w flP m xR 
id T w D \ T w DP M ^ M ] x I ■ 1 

> 

T w D [ T w DPM ^ M j x x w DPM 
id T w D [ xWr , P m->m] x tt WnB (T Wdp M) 

T W D j-rpW^p M _^ M j x t Wd ^ T Wdp ) 

= T Wd ( [T Wdp M M] x T Wbp M) 



T Wo ev 



[T w d" M->Af] xT w dp M 



and that of 



T Wd M 



T W D [ T W d p M ^ M j x X W D P M x R 

id T w D r T w DP M _, M i x a WhB (T Wl5P M) x id K 
> 

T W D [ T W d p M ^ M j x T W D ( T W D P M j x R 

-I- cv M x iqr 

T Wd M x id K 

(')t w dMxI 



t Wd m 

It is easy to see that 
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Proposition 27 We have 



Notation 28 We wrife 



ng# (M) 



/or i/ie intersection of H^ 1 ^ (M) and £/ie equalizers, with all a £ S p , 0/ i/ie 
exponential transpose of 

[ T W DPM ^ T w DM ] x t w dpm 



idi 



f] x (-^ 



and t/iat 0/ 



T W -DP M-s-T w -D Ml A ^' )t w dp M 

— ■> 

eV|- T w D p M^T w r> M] xT w d» m 

t Wd m 



[T Wdp M -> T Wd M] x t Wdp M 

evjrpw^p M-s-T w d m] xT w dp M 

t Wd m 
t Wd m 

where the morphism 

{■")t w dp M : T Wdp M -> T Wdp M 
stands for the morphism 

a w . . (M) 

(d 1 ,...,d p )eoP^(d g(1) ,...,d j(p) )6CP I 

We write 

^(13? (M) 

/or i/ie intersection of £2^ (-W) aod ^ e equalizers, with all a <E S p , of the 
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exponential transpose of 

T W D [ X W d p M ^ M ] x T W d p M 
id T w D J T w DP M _,. M j x (' )t w dpM 



id T w D [ TWr ,p m-s-m] x "Wi^i, (T Wr,p M) 

T Wd [T Wdp M M] x T Wd (T Wdp M) 
= T Wd ( [T Wdp M M] x T Wdp M) 

[T w dp M^M] xT w dp M 



-I- CVfrpW 



,1/ 



and i/iai 0/ 



T Wd [t Wi,p M ->■ M] x T Wdp M 

id T w D t T w DP M _> M i x a Wl ^ D (T Wdp M) 

> 

T Wd [t Wdp M ->■ Ml x T Wd (T VVl,p M) 



ev [T w DP M-s-M] xT w dp M 

M 



T Wd M 
It is easy to see that 
Proposition 29 We /icwe 

n^y (M)=n^ 1 ) ) (M) 

Notation 30 We wrife 

OjS) ( M ) 

/or t/ie intersection of fi^)^ (M) and (M), while we write 

for the intersection of (M) and fl^'^ {M). 

It is easy to see that 
Proposition 31 We have 

^ 2 1 3 ) ) (M) = n^ 1 3 ) ) (M) 
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5 The Jacobi Identity in the Frolicher-Nijenhuis 
Algebra 

5.1 Preparatory Considerations 

Let us begin this subsection by adding the following definition to our lexicon. 

Definition 32 Given an object M in the category K and natural numbers p, q, 
we define a morphism 



Conv: 



M 

-p,q 



in </ie category JC to be the exponential transpose of 



[T Wdp M -> M] x [T^ 9 M -> M] x T w ^+" M 




|" t w d p ^ ] x t Wdp [t Wd<! M ->■ Ml x T Wl,p (t Wd<! 
= [t Wdp M -> M] x T Wdp ( [T Wd -M -> M] x T Wd9 M) 

^[t w d'M->m] X ^ DI>ct [t w d5M^M]xT w d«M 



M) 



[T Wdp M -> M] x T Wdp M 



[T w dp M->M] xT w dp m 



M, 



riile we define another morphism 



Conv^ : [T Wdp M Af] x [T Wd9 M -> M] [T W ^+'M ->■ M] 
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in the category JC to be the exponential transpose of 

[T Wdp M -> M] x [T Wd "M -> M] x T W ^+'M 
= [t Wdp M -> M] x [T Wl "M -> M] x T WDP ® fc1/Vl "M 
= [T Wd9 M -> M] x [T Wdp M -> M] x T Wd<! (T Wdp M) 
idj T w D , M ^ M ] x cw,,,^ ([T Wdp M -> M]) x id T w D , 



M 



[T Woq M -> M] x T Wd ° [T Wdp M -> M] x T Wd<! (T Wdp M) 
= [t Wd "M M] x T Wd ' ([T Wdp M -> M] x T Wdp M) 



[T Wd "M -> M] x T W ^M 

ev [T w D« M->Ml xT w D9 M 
> 

M 



Remark 33 1. Our two convolutions Conv^ and Conv^ g are reminiscent 
of the familiar ones in abstract harmonic analysis and the theory of Schwartz 
distributions. 

2. In case that p = q = 0, it obtains that 

M <g> W DP = M <g> = M ® W DP +, = M 

so that 

[M ® WzjP ->M] = [M® W D , -> M] = [M ® W DP +, ->• M] = [M -> M], 
in which we have 

M 



Conv p ? = ass M 



-M 



and i/ie morphism Conv p is identical to the morphism 

[M -> M] x [M M] 

1 2 

= [M — > M] x [M — > M] 

2 1 



ass 



4 



[M ->■ M] 
where assM stands for composition. 
It should be obvious that 
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Proposition 34 Given natural numbers p, q, the morphism 
[T Wdf M ^ M] x [T Wd, M -+ M] 



(■ CT "^)^ T w pp+ , M ^ M | 

[T w f+«M4 M] 
is identical to the morphism 



[T Wdp M -+ M] x [T Wl "M -> M] 
= [T Wfl 'M4 M] x [T Wdp M -> M] 



[T W D*+«M -+ M] , 

riile £/ie morphism 

[T Wdp M -+ M] x [t Wdq M -+ M] 



Conv p 



[T w dp +o M M] 



T W DP+5 M 



is identical to the morphism 



[T Wdp M -+ M] x [T Wd "M -+ M] 
= [t Wd «M -> M] x [T Wdp M -> M] 
Conv^ 

[T w w+«M ->■ M] 

where a Piq is the permutation mapping the sequence l,...,q, q + 1, ...,p + q to the 
sequence q+1, q+p,l, q, namely, 

1 ... p p+l ... p + q 
q + 1 ... q+p 1 ... q 

It should be obvious that 
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Proposition 35 Both Conv M and Conv are associative in the sense that, 
given an object M in the category /C and natural numbers p, q, r, the morphism 

Conv^ x id^ TW£?r M _», M j 

[T w w+'M -> M] x [T Wor M M] 
Convff.^ 

[T w dp+«+-M ->■ M] 

zs identical to the morphism 

[T Wdp M -> M] x [T Wd9 M -> M] x [T w ° r M ~> M] 

idr T w DP M _> M i x Conv^, 

> 

[T Wdp M -> M] x [T VV ^+''M M] 

Com W+r 

[T W °P+«+rJVf _>. M] , 

and we have a similar identification for Conv M . 
Remark 36 This proposition enables us to write 

Conv^ g r : [T Wdp M -> M] x [T Wd9 M ->■ M] x [T w " r M -> M] 
[t w op+9+'- M ->• M] 

to denote one of the above two identical morphisms without any ambiguity, and 
similarly for 

Corw^g. r : [T Wdp M ->• M] x [T Woq M -> M] x [T w " r M -> M] 
[t w dp+«+- M -)■ M] 
Notation 37 Given a natural number p, we write 

[T Wdp M ~> M] 

/or i/ie pullback of 

[ T w DP M M j _^ [T w ^ M -> M] 

4 4- > 

1 -> [M->M] 

w/iere t/ie rig/it vertical arrow is 

-> id M ] : [T Wdp M -> M] [M -> M] 

is the canonical projection, while the bottom horizontal arrow is the exponential 
transpose of 

id M : 1 x M = M ->• M. 
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The following proposition should be evident. 
Proposition 38 The morphism 

[T Wdp M -> M] x [T Wd "M ->■ M] 

.[T w op M->m] 

*[T w dp M->Ml X ld [T w D"! M->M] 

J- Jld M 

[T Wdp M -> M] x [T Wd<! M M] 



[T w ™+' M -> M] 
is identical to the morphism 

[T Wdp M ->• M]. d x [T Wd<! M -> M] 



,[t w dpm->m] 

*[T w dp M->M]. d X [T w d"!M^M] 

[T Wdp M ->• M] x [T Wd<! M M] 

-M 



Conv r 



[ T w DP+ , M ^ M j 

Similarly, both of the morphisms 

[T Wdp M -)■ M] x [T Wd<! M -> M]. dM 

.[T w b«M^M] 



and 



[T w « p +« M — > M] 



[ t w d p M _^ M j x [ T w D , M ^ M ] 



-M 



[ T w DP+g m M] 



20 



are identical. Besides, the morphism 



r x w DP M ^ M i x rrpWa, M M i 

J IO.M L J 1UM 



.[t w dpm^m] .[T w D?M^Af] 
\t w dp M^M] X Z T w o«M^M 

L J id M L J id 



4 



[T Wbp M -> M] x [T W «M -> M] 
Conv^ 



[T W ^+«M -> M] , 
which is identical to the morphism 



r T w DP M ^ m y x \ T w Dq M _^ M i 

J ldM L JlflM 



.[T w £> p M->-M] .[T w d«M^M] 
8 [T w WM^f]. dM X Z [T w D«M^Af]. d 



4 



[ T W d p M ^ M ] x [T»i>'M4 M] 
■M 



Conv p 



[ T w DP+ , m ^ M] , 
is to be factored through the canonical injection 

.[T^»+« M— >m] r T W DP+ , M ^ M n F T >V DP+ , M M J 

T V+fM-tM L J id M L J 

Definition 39 We define a morphism 

Plod(p, m ),( 9l „) : T WDm [T Wd!, M -> M] x T Wd " [T Wd<! M ->■ M] 

to &e 

T w D ™ [ T w DP M — >• M] x T Wd " [T Wd<! M -> M] 

aw, x + (\T Wdp M -> Ml) x 

a w , , . , , (\T WDq M^M]) 

yv (d 1 ,...,d m ,d m+1 ,...,d m+7l )eD™+™^(d m+1 ,...,d m+n )eD™ \l 1J 
X W Dm+ „ [ T W d p M _^ M j x T W Dro+ „ \jWm M _> M ] 

= T w o™+" ([T Wdp M -> M] x [T Wd<! M ->• M] ) 
T w ^+"Con v^ 
x w Dm+ „ [ T w DP+ , M M ] ; 
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while we define a morphism 

Prodfe m ),(g,n) = T Wom [T Wdp M -> M] x T w ° n [T w ° q M -»• M] 

T w D m [ T w D P M _> M ] x T w D „ [ T w D , M _^ M j 

aw, . , ( \t Wdp M -> Ml ) x 

KV (d 1 ti m ,ti m +i,---,£i„i+„)e-D m +n^(d„ l+1 j m+ Jec» \L J/ 

= T w o™+" ([T Wbp M -> M] x [T Wd «M -> M] ) 



It should be obvious that 



-M 



Proposition 40 Both Prod M and Prod " are associative in the sense that, 
given an object M in the category JC and natural numbers l,m,n,p,q,r, the 
morphism 

T w Dl [ T w OTM _j. M j x T w Dm [ T w D , M M j x T w D „ [ T w D r M _^ M j 

Prod feQ,(g,™) X ld T w P" [T vv P'-M^Af| 

T W Dm + n [ T W DP+ , M M j x T W D „ [ T W D r M M j 

rroQ (p+ 9 ,l+m),(r,n) 

T w £ , !+m+ „ [ T w DP+ , +rM ^ M j 

is identical to the morphism 
T w Dl [ t w d p M _j. M j x T w D ™ [ T w D , M M j x T w D . [ x w D . M _^ M j 

id T w D , r T w DP M _> M 1 x P r °d fa, TO ),(r,n) 
► 

T W D , j-rpW^P M ^ j x T W Dm+ „ j- T W D<!+ r ^ M j 
P-I-Qd(^,;),( g +r,TO+ra) 



onrf similarly for Pr od . 
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Proof. To prove the first statement, we note that the morphism ([1} is 
identical to the morphism 

T W Dl [ T W D P M _^ M j x T W D m [ T W D9M _^ M j x T W D n [ T W D r M _j. M ] 

%, , !+ , , (\T Woq M -> Ml) x 

aw, , i+m+ „ , , ( TT yVDr M — >• Ml ) 

(<*i d t .d l + 1 d ; + m ,d, + m + 1 d i + m + n )gr>' + "+"^(d i+m+1 ,...,d i + m+ „)eD" vl J/ 

T W D !+™+n [ T W D P M M j x T W Di + m + „ ppWo, M _^ M j x T W D , + ™+n |" T W D r M _^ ^ j 

= T w Di+m+ „ ([ T w DPM _^ M j x [ T w D9A/ _^ M j x [ T w D , M ^ 
T W D(+m+ „ (conv^ x id [T w D . M ^ M] 



onv 



X vv d!+™+'. [t w dp+'J+'' M -> M] 

while the morphism ([2]) is identical to the morphism 

T W Dl [ T Wdp M _^ M j x T Wn*n [ T W D a M _^ M j x T W D n [ T W D r M _^ M j 

i; (d 1 ,...,d 1 ,d i + 1 ,...,d i + m ,d i+m + 1 ,...,d 1 + m+ „)gr>i + ™+-^(d 



aw, . , + + , i ( [T Wr>p M — >• Ml ) 



aw, , i+ + , (PT Wd9 M->-M1) x 

|/V (d 1 ,...,d 1 ,d i + 1 ,...,d i + m ,d i + m+1 ,...,d i + m + „)gQi + '" + '»^(d i + 1 ,.-.,d i + m )gP"' VL 1/ 

<*w, , , +m+n , , ( rT Wrir M — ► Ml ) 

(<*i ^.d 1 + 1 ,...,dj + m .d, + ,„ + 1 d i + „ 1 + „)go' + '"+"^(d i + „ 1 + 1 ,...,d i + m+ ,Jgo" VL \J 

T w Dl+m+n [rjW D p M M j x T w Di+m+ „ [t w ° 9 M -4 M] x T w o ! + m +" [T WDr M -> M] 
= T w Di+m+ „ Qt Wdp M -)• M] x [T Wd, M ->• M] x [T w ° r M -> M]) 
T W ° !+m+ " (id [T w DPM ^ M] xConvf r 



T w D(+m+ „ ( [ T w D p M ^ M j x [ T w D , +r M M j J 
(Conv^ + . r ) 

-pW D ( + m+n [T W DP + 9 + - M Ml 

Therefore the desired result follows directly from Proposition [35] Similarly for 
the second statement. ■ 

Remark 41 This proposition enables us to write 
Plod(^,i),(g,m),(r,n) 

. T w Dl ^ T w DP M ^ M j x T w D m [ T w D , M ^ M j x T w Dn [ T w Dr M _^ M j 
_>. x w d ! +™+" [t w op+«+'' M -» Ml 
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to denote one of the above two identical morphisms without any ambiguity, and 
similarly for 



P r °d(p,Z),(<j, m ),(r\n) 

_>. x vv d'+™+" [t w dp+<!+- jvf jvfj 
5.2 The First Consideration 

In this subsection we are concerned with the Lie algebra structure of (M)'s. 
Let us begin with 

Lemma 42 The morphism 

(m) x njij 1 ' (m) 

^(o) 1} (M)xn\l] 1) (M) 

£l^fp,i),(g,i| 

«W( il .«, 2)6Dp ,^(«, 1 .«, 2 ) 6 x >a ([T W -+*M^M]) 



T W D(2 ) j- T W Dt)+<! M _^ M j 

is identical to the morphism 

rffrf (Mjxnjf (M) 
n{' 0) 1} (M) n\^(M) 

> 

figj 1 ' (M) x (M) 



Prod (p,l),(94) 
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Proof. By Proposition [551 the morphism 

fift 1 ' (Mjxnjf (M) 



> 

(M)xngj 1) (m) 

Prod( p ,i),(g,i) 



is identical to the morphism 

(m) x njg 1 * (m) 

'jjV) X %jy'(M) 



fijg 1 ' (M) x n<g 1} (M) 



-M 



Pr0d (p,l),(«,l) 



t w d2 [ T w DP+ , m _j. M j 

so that their compositions with the morphism 
T w £ , 2 ^ T w DP+ , M _^ M j 



a w , ( \T w op+" M -> Ml ) 

KV (dl,d 2 )gP(2)^(d 1 ,d 2 )£D2 VL J^/ 



T w "( ! ) [t w j3p+9 m -> M] 
should evidently be identical. ■ 
Corollary 43 T/ie morphism 

frfif (M) x ftj^ (M ) 

.n^; 15 (M) n^V) 

Hgf 5 (M)xnjf (M) 



(. 



Prodfei),( 9 ,i)' Prod (p,i),(?,i) / 



T W D 2 |^ T vv E>P+ < ! j^f _^ j^j x T w D 2 ^ T w DP+ , ^ A ,jj 
is £o 6e factored through the canonical injection 

_> t w o 2 [T w op+" M -> M] x T w ° 2 [T w o"+" M -> Af] 



25 



It is easy to see that 
Proposition 44 The factored morphism 

fig; 1 * (MjxHjy 1 (M) 

_> T w D2 [ T w n ,+, M ^ M ] x T w D(2)[T w DP+gM ^ M] T w - 2 [T W *"+«M -> M] 

in Corollary \43\ followed by the morphism 

t w d2 [ T w DP+ , M _^ M ] x T w £ , (2)[T w DP+ , M ^ M] T w « 2 [T w o^M -> M] 

C~ ( [T w ^+« m Ml ) 
> 

is to &e factored uniquely into a morphism 

& (Af) = ^(li 1 ' W >< W (M) 

and i/ie canonical injection 

Notation 45 Given £ G [Af <g) Wdp -> Af] ® Wd- <™d cr G S p , £ ff denotes 

\()[M®WnP^M] (£) 



w/iere ( )[M<g)W r ,p-+M] : W ®Wdp -> Af] ->• [Af (g> Wc* -> Af] denotes the op- 
eration 

t? e [M ® W CP M] i y v o (id M ® w (du ,„ >dp)eDP „ (daW .... , da{p))eDP ) 

We will show that the morphism 

(M) : (M) x fij^ (Af) -> 0^ +9ll) (Af) 

is antisymmetric in the following sense. 
Proposition 46 The morphism 

nji) 1} (M) x n[i) 1} (m) 

(Af) 

(Af) (3) 



2G 



and the morphism 



(M)x^f (M) 
= fij^ X) (M) x o^j 13 (M) 

(AO 

fij** 1 ' (M) (4) 



sum up only to vanish. 



Proof. This follows easily from Propositions 151 and IMlIt is easy to see that 
the morphism 

ffgf (M ) x Tfffi (M) 



(M) x fij^ (M) 
f Prodfai),^,!), Prod(g ]1 ) ] ( Ptl ) 



T w D2 [ T w DP+?M ^ M ] x T w D(2)[T w^ +gM ^ M] T w ° 2 [T W ^+«M^M] 



f- ( [t w op+ 9 Af _> M] ) 
fijSj* 1 ' (M) 



(M) 
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is identical to the morphism 

(m) x (AO 

(M)xT%? (AT) 



> 

t w d2 [ T w DP+ , M ^ M j x T w D(2)[T w DP+9M ^ M] T w - 2 [T w w+«M -> Af] 

£- ( [T W op+« M -4- Af] ) 



(Af) 

However we know well by Proposition 1341 that 



This follows from Propositions 4 and 6 in §3.4 of Lavendhomme [5]. More 
specifically we have 

Ki,6] L + ([6,6] L ) ffp ' 9 

- (£i©£ 2 1 Ci © 6) + {faSti)'" 9 - (6 © Ci)^ 9 ) 
= 1 6 © 6) + (6 © 6 1 

[By Proposition ??] 

= 

■ 

We have the following Jacobi identity. 
Theorem 47 The three morphisms 

(Af) x oj?) 15 (Af) x nji^ (Af) 

^fift^M) X ( M ) 

Hgf ) (Af) x o[?+ nl) (Af) 

figp^M, (5) 
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and 



n[^ 1} (m) x n^ 1} (M) x nj^ 1} (m) 
= nj^ 1 ' (m) x (a//) x n^ 1} (m) 

id n^(M) X ^( M ) 

(M) x fij** 1 ' (M) 

(q,r+P 

n^ q+rA) (m) 



< 9+r,1) (M) (6) 



(m) x n^f (M) x nj^ (M) 



= fijj 1 * (M) x n^f (M) x fij*^ (M) 

figf (M) x fifo^ (M) 
C^ +<? (M) 

< 9+r,1) (M) 
(• ffr ' P+9 )n^ +<,+r,1) (M) 

(M) (7) 



sum up only to vanish. 

In order to establish the above theorem, we need the following simple lemma, 
which is a tiny generalization of Proposition 2.6 of [5]. 

Lemma 48 The morphism 

(M) x (p{lf (M) x t w d(2)[tWd9M ^ m] Q^ 2) (M)) 
id n (,, 1)(M) xr([T w -A/^M]) 



0[i) X) (M) x (M) 
Prod ( P) i),(g,i) 



<^ 2) (M) 
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is identical to 

n^f (m) x (nft 2) (m) x T w D(2)[TWm ^ M] nft 2) (ao) 
= (m) x n^ 2) (m)) x tW£)(2) [tWd9 m ^ m] (n^ 1 ' (m ) x nft 2) (m) 

Prod (p,l),(«,2) X T W -D<2)[T W ^M^M] Pr0d fel),(9,2) 

n (1) +9 ' 3 (M) X T w„3 {(2 , 3)} [ T w DP+! , M ^ M j U^ q ' 3) (M) 
(7 ( [t w dp+<! M -)■ AT]) 

wMe £/ie morphism 

(n^f ( M ) x tWd(2) [tWdpm ^ m] nft 2) (M)) x nj* 1 ' (m) 

r([T w -Af^Af])xid n (,, 1)(M) 



Sl%? (A/) x fij* 1 ' (AT) 



Prod^ 



H^' 2) (M) 



is identical to 

(ligf > (Af) x T w D(2) [T w DPM ^ M] n[^ 2) (A/)) x fi^ 5 (A/) 

= (n^ 2) (m) x ngj 1 ' (a/)) x tW£)(2) [tWd , m ^ m] (n|^ 2) (Af) x ng; x) (a/)) 

Prod fp,2),( 9 4) X T w D(2)[ T Wi,?M^Af] Prod fe2),(g,l) 

"(i) (M) x T w tf {1 ,p )} [ T w DP+ , M ^ M ] S2(i) (M) 
(3 ( [ T W DP+<! M M j ) 



<" 2) (AO 



Notation 49 for i/ie sa/ce o/ i/ie proof of Theorem \4-7\ we introduce the follow- 
ing six notations: 
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1. We write £123 for the morphism 

n ( ^f (m) x n^ 1} (m) x n^f (m) 

Prod^ 1);(g]1)](T .^ 
^+ 9+r ' 3) (M) 

2. We ujrite £i 32 /or £/ie morphism 

(M) x fi^ 1} (M) x fiji') 15 (M) 

7M 

"^'(M) xProd (<M),M) 

lift 1 ' (M) x (M) 

Pl0dfo,l),( g +r,l) 
>■ 

n (p+ 9 +,,3) (M) 

5. We wife £213 for the morphism 

(m) x n^ 1} (m) x nj^ (m) 

Pr0d b,l),(9,l) X ^'^'(M) 

— > 

Plod(^ + 9,i),C-,i| 
n (P+ 9 +,,3) (M) 

^. We write £231 /or - i/ie morphism 

nj^ 1 ' (m) x nj^ 1} (m) x n^f (m) 

Sift 1 ' (M) x (M) 

— -M 

P rod (p,l),(«?+r,l^ 

<" +r ' 3) (M) 
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5. We write £312 for the morphism 

nj^ 1 ' (m) x (m) x ^{[f (m) 

Prod^,i),(,,i) x ^nfo^M) 

<- 1) (M)xnS 1) (M) 

Prod (p+g,l),(r,l^ 

6. FKe wriie £321 /or ifte morphism 

(m) x nji) 1} (m) x nji) 15 (m) 

Pr ° d (p,l), (<?,!), 

n^ +9+r,3) (M) 

Lemma 50 We have the following statements: 
1. The morphism 

fijif } (M) x (M) x Oji) 15 (M) 

(£123 1 £132) 

n (p+ 9 +,,3) (M) x n (P+ 9 +-,3) (M) 

be factored uniquely through the canonical injection 



is to 

—(p+q+r,3) . . ~(p+9+r,3) 
"(1) ( M ) X T W »3 {(!|J)1 [ T w Df+ , +rM ^|!l ( i) (Ml 

>n[^ 9+r ' 3) (M)x!]Jf ,+r ' 3) (M) 



into 

(M) x (M) x fij^ (M) 



_(p+ 9 +r,3) . . ( p+g+r% 3) 
'"(I) ( M ) X T^(W)|[ T V +!+rM ^] !! (l) ( M ) 

,2. The morphism 

(M) x (m) x nji') 15 (M) 



(£231, £321) 

n^+ 9+r ' 3) (M) x n^ 9+rv3) (M) 
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is to 



into 



be factored uniquely through the canonical injection 

(M) X T w D3{(2 , 3)}[T w DP+5+rM ^ M] <^ 3) (M) 
^n[^ 9+r ' 3) (M)x< ,+r ' 3) (M) 

(Mlx^f (M)x!lj;f (M) 

^(p+g+r,3) . . 7=r(p+9+r,3) , . 

"(1) A T W D 3{(2,3)}[ T W Dp + , + 



5. The morphism 



Slffi (M) x (M) x nji) 15 (M) 

(£231> £213) 



is to 



n^ q+r ' 3) (M) x r^+ 9+r ' 3) (M) 

6e factored uniquely through the canonical injection 

—(p+q+r,3) , ( p+q+r ,3) 
"(1) (Af) X T W D 3 {(1 , 3)} [ T W DP+5+rM ^ M ] "(I) (Af) 

^_( p + 9+r , 3 ) (M) x n (p+ 9 +r,3) (M) 

into 

(M) x (M) x (M ) 

-»• fi[i) +9+r ' 3) (M) x T w D3{(1 ,3 )} [ T w Dp+ , +rM ^ M ] ^(i) +9+r ' 3) (M) 

T/ie morphism 

u^f (m) x (m) x n^ 1 ' (m) 

(^312, ^132) 



n[^ 9+r ' 3) (M) x n^+ 9+r ' 3) (M) 

zs to 6e factored uniquely through the canonical injection 

—(p+q+r,3) , ( p+q+r ,3) 
"(1) (M) X x >v D 3 {(1 ,3 )} [ T w DP+ , +rM ^ M ] S2(i) (Af) 

^H^ 3) (M)x< 9W) (M) 

into 

(M) x fijj^ (M) x fij^ (M ) 
- Sifr^ 8 > (M) x tWd3{(1 , 3)} [TWDp+5+rM ^ M] <^ 3) (M) 
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5. The morphism 

nj 3 ^ 1 ' (m) x u^f (m) x n^f (m) 

(&312, £l32] 



n[^ 9+r ' 3) (m) x n[^ 9+r ' 3) (m) 

is to &e factored uniquely through the canonical injection 

—(p+ q+ r,3) ( p+q+r ,3) 

K M ) X T W o 3 {(i,2)}[ T >v DP+ , + , M ^ M ] "(1) W 

^n^ +9+r,3) (M)xnJj +,+r,3) (m) 



into 



(M) x (M) x nji') 15 (M) 

6. The morphism 



- <^' 3) W x tWd3{c1 , 2)} [tWdp+5+ . m ^ m] < 9+ ^ 3) (M) 



nj?) X) (m) x (M) x nffl (m) 

(&312, Cl32) 
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n g+«+n3) (M) x n g+«+n3) (M) 
is to 6e factored uniquely through the canonical injection 

"(1) KM) x T w D 3 {(1 , 2)} [ T w DP+ , +rAf _ fM ] S2(i) (Aij 

^n[^ 9+r ' 3) (M)x!l[J 5+r ' 3) (M) 

into 

njg 15 (m) x nji) 15 (AO x (m) 

tt(p+9+'',3) ~(p+g+r,3) 

Notation 51 H^e introduce the following six notations: 
1. The composition of with 

-=-(p+q+r,3) . - TT(p+g+r-,3) . . 

"(1) KM) X T w z,3 {(2 , 3)}[T w Dp+ , +rM ^ M j S2 (1) (Mj 

£7 ([T w ^+'+-Af Af]) 

< 9+r ' 2) KM) ' 

is denoted 

*123 — *132 

C 1 
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2. The composition of fPP with 



j=r(p+ g +r,3) , . -~j{p+q+r,3) . . 

"(1) V vl ) x T w i ) 3{ (2 ,3) } [ x w Dp+9+ 



C 1 ([T Wi5l, + a + r M ->• Ml) 
> 

n ( ff q+r ^ (M) 

is denoted 

*231 — *321 

C 1 

3. The composition of ilO\) with 

—(p+q+r,3) ( p+q+r ,3) 
l-MJ X T W « 3 {(i.3)}[T w o P+9 +^M^Af] "(1) 

C= ([T w ^+ 9 +'-M ->■ M]) 

n^ +9+ " 2) (m) 

is denoted 

*231 — *213 

C 2 

^. TTie composition of ill}) with 

f)(p+?+r,3) / A . n v (=r(p+9+r,3) 
"(1) (MJ X T W D 3 {(1>3)} [ T w Dp+g+rM ^ M ] S2(i) (M) 

C 2 ([T WD "+"+ r M -> M]) 

< ?+ ^ 2) (AT) 
is denoted 

*312 — *132 

C 2 

5. TTie composition of HI 2]) with 

^3 ([t w ^>+s+-M -> M]) 

Q (1) (M) 

is denoted 

*312 — *321 

C 3 
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6. The composition of H3\) with 

X T % 3 ((l,3))[ T w Dp+5+rM4M ] "(1) 

([T w ^+«+-Af ->• M]) 

< 9+r ' 2) ( m) ' 



is denoted 



*123 — *213 

C 3 



Lemma 52 We /*awe the following three statements: 
1. The morphism 

nji) 1 ' (m) x njj 15 (a/) x nji) 15 (m) 

/ *123~ *132 ,*231— *321 \ 

C 1 ,C 1 



> 

n ( $ q+r ' 2) (m) x n ( $ q+r ' 2) (m) 

is to be factored through the canonical injection 

S2 (1) (Mj x T w fl(!) | T w Df+1+rM ^ M ] S2 ( i) (Mj 



^n[^ +r ' 2) (M)xn^ +9+r,2) (m) 



into 



ilffi (M) x fij^ 5 (AT) x Slj^ (A/) 

-)-S2 (1) (Mj x T w D(2) j T w Dp+9+rM ^ M j Si (1) (A1J 

U. TTie morphism 

itfjf (AT) x (Af) x fi^j^ (AO 

C > *231— *213 j.*312— *132 \ 
C 2 ,C 2 I 



— (p+g+r,2) — (p+g+r,2) 

Sim (-M) x "(i) (-Mj 

is to be factored through the canonical injection 

S2 (1) (Mj X T w J3(a) j T w Bi)+j+l . M _ >M j S2 (1) (Mj 

^n[^ +r ' 2) (A/)xn^ 2) (M) 
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into 

u^f (m) x (m) x nji*) 15 (m) 

-M2 (1) (AJ)x T w D(2) j T w Dil+g+rM ^ M jy (1) (Mj 

5. The morphism 

nj^ 1 ' (m) x njj 15 (m) x n^ 15 (m) 

/ > *312 — *321 i *123— *213 \ 

C 3 ,C 3 



n^ 9+r ' 2) (M) x Tt^ q+ra) (M) 
is to be factored through the canonical injection 

(Mj X T w D(a ^ T w Dp+9+rAf _ vM j (Mj 



-n[^ +r ' 2) (M) X n^ +9+r ' 2) (M) 



into 



nffi (m) x nj?; 15 (m) x nji) 15 (m) 

, ^(p+g+r.2) , . _(p +g+rj2 ) , , 

-mj (1) (M)x T w D(2) | TWDp+!+rM ^ M jy (1) (Mj 

Notation 53 We introduce the following three notations: 
1. The composition of with 



(Mj x TW£ , (2) j T w Dp+9+rM ^ M j S2 (1) (Mj 
C ([T WD >>+*+ r M -> M]) 

is denoted 

> (*123 — *132) — (*231 — *321 ) 

c 

2. The composition of U5\) with 

Tj(p+<l+r,2) , s ^(p+g+r-,2) , . 

(Mj X T w J3(2 ^ T w £)1 , +9+rAf ^ M j 42(i) K M ) 
C ([T WD ^+" +r M -> M]) 

is denoted 

> (*231— *213) — (*312— *132) 



c 
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3. The composition of hlb)) with 

n (p+g+r,2) j.ip+q+ra) , , 

(M) X T Wn(2)^ T w Dp+9 +r M ^M} U W \ M ) 

C ([T Wd "+«+'*M M]) 

ilft^ (M) 
is denoted 

> (*312— *32l) — (*123— *213) 
f 3 3 

Now we are ready to present a proof of Theorem |47] 

Proof, (of Theorem |47|) . By the morphisms ©-([7]) are identical to the 
morphisms 

> (*123 — *132) — (*231 — *32l) 

c 

> (*231— *213) — (*312 — *132) 
f 2 2 

j.(*312 — *32l) — (*123— *213) 
T 3 3 

respectively. Therefore Theorem B71 follows from Theorem BUI ■ 
5.3 The Second Consideration 

In this subsection we are concerned with the Lie algebra structure of fi(i2) (M)'s, 
where p ranges over natural numbers. It is easy to see that 

Lemma 54 The morphism 

ngi? (M)xnj?2 1 ) ) (m) 

l n{%\M) X l n{ q 12 )\M) 
f^f (M) x (M) 



& g (M) 

(M) 



is io &e factored uniquely through the canonical injection 
into a morphism 



l^J+^i) ■ S2(12) W 0(1) ( M ) 



ngi? (m) x njg (m) -> ngj*^ (m) 
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Notation 55 The morphism in U8\) is denoted 

(M) : (M) x (M) -> ng 9 ' 15 (M) 

Proposition 56 The morphism 

(M)xHj?2 1 ) ) (M) 
(M) 

nfeo 8 ' 15 (M) 

and ifte morphism 

(M)x!]g (M) 

=njg (Mjxfi&y (m) 

C^ 2 (M) 

(m) 

^ 2 + ) 9,1) (M) 

sum onZw to vanish. 

Proof. This follows directly from Proposition l46l ■ 
Theorem 57 The three morphisms 

n{?# (m) x ng^ (a/) x n{$ (m) 

id n^' ( M) x ^(M) 

n&V (M)xnj?J r,1) (m) 
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(AO x (M) x tfS) (M) 

= njg 5 (m) x nj£j> (at) x nj*? (m) 

id n^>(A/) X C L M M ) 

Hjg (A/) x (M) 
fe P (AQ 

13 (AT) 
(• ffp,?+r )n<*+* + ^(M) 



<r r,i) (M) 



= n[g ) (M) X ngi 1 ) ) (Af)xn[S } (m) 

id n[^ ( M) x ^( M ) 

^'MxnJJ' 11 (at) 

fe, (M) 

(A/) 

sum up on/?/ to vanish. 

Proof. This follows directly from Theorem [47] ■ 

5.4 The Third Consideration 

In this subsection we are concerned with the Lie algebra structure of fifcV 
where p ranges over natural numbers. 

Notation 58 We introduce the following notations: 

1. We denote by 

A v : iffcf (Af ) -> iffcf (M) 
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the morphism 



n£ 1} (m) 

o-e§„ 



► 



fig) 1 ' (M) 



w/iere § p is i/ie group of permutations of the set {1, 2, ...,n}. 
2. We denote by 



the morphism 



(M) 

njS* 15 (M) 



5. FFe denote by 



AP+q+r 
p,q,r 



n[? ) +9+r ' 1) (M)-^ng ) +,+r,1) (m) 



f/ie morphism 



7=r(p+g+r,l) 



n 



(i) 



(M) 

(l/p!a!r!)^ p +^ 

< 9+r4) (M) 



It is easy to see that 
Lemma 59 TTie morphism 



(m) x ngjj (M) 



<p.i> 



(M) 



x ^_ 



'(M) 



f2^ 1} (M) x (M) 



'(i) 



C£ (M) 



-> 



(P+9,1) 
(1) 



AP+q 

7=f(P+9.1) 



(i) 



(M) 



(M) 
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is to be factored uniquely through the canonical injection 



Z -(p+<M>,„^ : "(13) [ M )^^(l) (M) 

into a morphism 



*?+«' l >(jiO ' (13) 



ng^ (M) x njg (M) -> ng^ 15 (m) 



Notation 60 The morphism in U8\) is denoted 

c™ 13 W ■ "(I? W x njg (m) ngj« 

where FN stands for Frolicher and Nijenhuis. 
Lemma 61 Given a € S p , the morphism 

0fe X) (M) 
(M) 

(• g )n^ i 1) (Af) 
(M) 

is identical to the morphism 

(m) 

ng; 1 ) (M) 

nfe 1 ' (m) 

-Boi/i of them are identical to the morphism 

T$f (M) 

(M) 

n^ x) (m) 
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Proof. By mimicking the familiar token in establishing the antisymmetry 
of wedge products of differential forms in orthodox differential geometry. ■ 

Proposition 62 The morphisms 

C™ 13 (M) 

(M) (19) 



(M)xng (M) 

= Q% ] (M)xQ^ (M) 
(M) 

(-i) p ; 

(M) (20) 



sum up only to vanish. 



Proof. The morphism (|19[l followed by the canonical injection (fl~7|) is iden- 
tical to the morphism 

.n<^(M) xi n w l5 ( M ) 

(m) x n[*) 1} (m) 

& q (M) 

(M) 

nft* 1 ' (m) (2i) 
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by definition, while the morphism (|2T)1) followed by the canonical injection (jTTJ) 
is identical to the morphism 

n&y (M)xng' (Af) 

^(M) X ^»(M) 

n^ 15 (m) x n^ 13 (m ) 

Cp.; (M) 

njft* 1 ' (m) 

/1P+9 

IS*** 1 ' (AO (22) 

by Lemma [6TJ The sum of (|2ip and (|22[> vanishes by dint of Proposition [46l so 
that the sum of (|19p and ([20]) also vanishes. ■ 

Lemma 63 The morphism 

j "m ) ( tf ) )( ^i 1 '(M) x .f!|; i 1 »(M) 
ng?3) } (M) nfc^M) n|^V) 

fiji^ (Af) x Q^f (M) x fi^ (M) 

n{5 x) (m) x n[?+ nl) (a/) 

(M) x nj?+ r>1) (A/) 

(M) 

n&f' 4 ^ (at) 
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is identical to the morphism 



fi&J (M) x njg (M) x fi^ (M) 
nj^V) ^ 3 )V) ng^JQ 

(m) x (m) x nji) 15 (m) 

id n^>(M) x ^ (M) 

n^ 1 ' (M) x (m) 

Cp^+r (M) 

n[?+ 9+r ' 1) (m) 

Sij^' 15 (M) 

Proof. By mimicking the familiar token in establishing the associativity of 
wedge products of differential forms in orthodox differential geometry. ■ 

Theorem 64 The three morphisms 

(M) x njg (m) x nj^ (m) 
n&J (M) X n;5 r ' 1) (m) 



(M) (23) 



fiftj (M) x ngj (M) x n&J (M) 
= nj;J ) (MjxSlgtMlxSlg (M) 



id-, 



- q^>(M)XC Wl3 (M) 



njg (M) x n% r ' 1} (M) 

<r r4) (m) 
(— i) p< - 9+r ' > 



<) 9+r4) (M) (24) 
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and 

(M)xfl|;J (M)xfig(M) 

= (m) x (M) x njg (m) 

^'MxHS'' 1 ' (M) 

(M) (25) 

sum up on/y to vanish. 

Proof. The morphism (|2"5|) followed by the canonical injection (|T7|) is iden- 
tical to the morphism 

fi^ (M)xflg (M)xnjg ) (M) 

nj^ } (M) ng^CM) nj^'CM) 
fiji^ (M) x n^ X) (A/) x (M) 



H^ 1 ' (M) x o[?+ r,1) (M) 

(p,q+r (M) 

n^ q+r ' 1] (M) 

Ap+q+r 



(M) (26) 
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by dint of Lemma loUl The morphism (f2~4"|) followed by the canonical injection 
(fl~7|) is identical to the morphism 

fij^ (MjxSig (M)xllg(M) 

5« I)(M) x z ^'i 1)(M) x z5» 1)(M) 
n^'CM) nfc^M) nfc^M) 

nji) X) (m) x nj^ x) (M) x (m) 
= n^ 15 (m) x (m) x n^ 1} (m) 

id n^(M) x <^( M ) 
fij^ (M) x (M) 

n^ ) +9+r ' 1) (m) 



(M) (27) 
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by dint of Lemmas [BT] and [BJ with e ap q+r = (-l)P(i+ r \ The morphism (gSJ 
followed by the canonical injection (| X T[) is identical to the morphism 

(Mjxng (M)xnj^ 1 ) ) (M) 

5") I)(M) x z ^'i 1)(M) x z^^» 1)(M) 
u^gjM) n^gjM) nji^CM) 

(M) x nj^ x) (M) x (m) 
= nj^ (m) x n^ 1 ' (a/) x (m) 

id n^ ( M) x ^( M ) 
4) 1) (M)x<- 1) (M) 

n^ ) +9+r ' 1) (m) 

(•"-»+« )jjW.«+r.l) ( j tf) 

by dint of Lemmas ED and [6j with £ CTrp+g = The sum of the three 

morphisms (f26|) - (|28|) vanishes thanks to Theorem l47l so that the sum of the 
three morphisms ([23| - (|25|) also vanishes. ■ 

5.5 The Fourth Consideration 

In this subsection we are concerned with the Lie algebra structure of fi^isa) (-W)'s, 
where p ranges over natural numbers. It is easy to see that 

Lemma 65 The morphism 

fijS) (M) x n\l 2 % (M) 
.n[-;'(M) x X%#M 

C)M "(123) ( M ) 

0j?J (M)xfij?3 1 ) ) (M) 

»FN 13 



C V13 w 

^(13) ( M ) 
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is to be factored uniquely through the canonical injection 



n (p+g,l) (p + ,,i) 
SjCp+Vi),^ 1 "(123) (Af) -> "(13) ( M ) 

"(123) y m > 



(m) x n[S) (M) h- ngs*' 15 ( M ) 



into a morphism 



Notation 66 TTie morphism \29j) is denoted 



C*'f 23 (M) : n££) (M) x (M) ngj 15 



Proposition 67 TTie morphisms 



(M) x (m) 
C™ 133 ( M ) 

T=f(p+9>1) / > , n 
"(123) ( M ) 



and 



ngas) (M) x nj'g (M) 

nj^f (M) 
(-if; 
ng5' 1J (m) 

sum up onZy to vanish. 

Proof. This follows directly from Proposition WZ[ ■ 
Theorem 68 The three morphisms 

nj^) (a/) x njgj (m) x n[S) (m) 
^(m)^^ 123 w 

^S(M)x!i;5 1) (M) 

c™+ 123 w 
"SS +r,1) w 
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njg) (M) x njg) (M) x njS) (m) 
= (m) x njS) (m) x njgj (m) 
id o^ )( M) x cT 123 (M) 

rrjSj (m) x n[?5 13 (m) 
ngf' 11 (m) 

fig$ (m) x njS) (m) x njSj (m) 
= njS) (m) x ngg (m) x njSj (m) 

i( ^U(M) X g 23 

n^ 2 1 3 ) ) (M)x0g+f ) (M) 
C 3 (M) 

< 3 9 ) +r4) (M) 
C_^\f(p+g) 



siim up on/y to vanish. 

Proof. This follows directly from Theorem. [551 ■ 
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